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Abstract 

Let G be an edge-colored graph. A heterochromatic cycle of G is one in which 
every two edges have different colors. For a vertex v £ V{G), let CN(v) denote the 
set of colors which are assigned to the edges incident to v. In this note we prove 
that G contains a heterochromatic cycle of length 4 if G has n > 60 vertices and 
\CN(u) U CN(v) | > n — 1 for every pair of vertices u and v of G. This extends a result 
of Broersma et al. on the existence of heterochromatic cycles of length 3 or 4. 
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1 Introduction 

We use Bondy and Murty [2] for terminology and notation not defined here and consider 
finite simple graphs only. 

Let G = (V,E) be a graph, H a subgraph, and v a vertex of G. We use Nh(v) to 
denote the set, and du(v) the number, of neighbors of v in H, and call du(v) the degree 
of v in H. An edge-coloring of G is a function C : E — > N + , where N + is the set of 
positive integers. We call G an edge-colored graph if it is assigned such a coloring C, and 
denote this edge-colored graph by (G,C). We use CNh(v) to denote the set of colors of 
the edges joining v and its neighbors in H when v V{H) and those incident to v in 
H when v £ V(H), and call d c H (v) = \CNh(v)\ the color degree of v in H. When no 
confusion occurs, we use G instead of (G, C), and N(v), d(v), CN(v) and d c (v) instead of 
Ng(v), dc(v), CNg(v) and d c G (v), respectively. 
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A subgraph H of an edge-colored graph G is called heterochromatic if every two of its 
edges have different colors. Recently, heterochromatic subgraphs in edge-colored graphs 
have received much attentions. Heterochromatic matchings were studied in [91 \TT\ I12j . 
Chen and Li E] studied long heterochromatic paths in edge-colored graphs. Albert et 
al. [1] studied heterochromatic Hamilton cycles in edge-colored complete graphs. Hete- 
rochromatic cycles of small lengths were studied in [U \10\ fl~3[ [14"] . For a survey on the 
study of heterochromatic subgraphs in edge-colored graphs, we refer to [8]. 

In the following we use to denote a cycle of length k. Broersma et al. [1] considered 
the existence of short heterochromatic cycles in edge-colored graphs and got the following 
result. 

Theorem 1 (Broersma, Li, Woeginger and Zhang [1]). Let G be an edge- colored graph of 
order n > 4 such that \CN(u) U CN(v)\ > n — 1 for every pair of vertices u and v of G. 
Then G contains a heterochromatic C3 or a heterochromatic C4 . 

Li and Wang [10] gave a result on the existence of a heterochromatic C3 or a hete- 
rochromatic C4 under the color degree condition. At the same time, they obtained a result 
on the existence of a heterochromatic C3 in edge-colored graphs. 

Theorem 2 (Li and Wang [10]). Let G be an edge-colored graph of order n > 3. If 
d c (v) > — l)n + 3 — for every vertex v € V{G), then G contains either a 

heterochromatic C3 or a heterochromatic C4. 

Theorem 3 (Li and Wang [10]). Let G be an edge-colored graph of order n > 3. If 
d c (v) > ^±±n for every vertex v £ V{G), then G contains a heterochromatic C3. 

Later, Wang et al. [13] got a result on the existence of a heterochromatic C4 in edge- 
colored triangle-free graphs. Zhu [141 further extended this result to edge-colored bipartite 
graphs. 

Theorem 4 (Wang, Li, Zhu and Liu [13]). Let G be an edge-colored triangle-free graph 
of order n > 9. If d c (v) > 3 ~ 2 v/ ^ n + 1 for every vertex v G V(G), then G contains a 
heterochromatic C4. 

Theorem 5 (Zhu [E]). Let G be an edge-colored bipartite graph of order n > 6. If 
d c (v) > + 1 for every vertex v £ V{G), then G contains a heterochromatic C4. 

In this note we prove the following result which is an extension of Theorem [T] 

Theorem 6. Let G be an edge-colored graph of order n > 60 such that \CN(u)L)CN(v)\ > 
n — 1 for every pair of vertices u and v of G. Then G contains a heterochromatic C4. 
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We can not provide examples to show that the restriction n > 60 can be reduced and 
the condition \CN(u) U CN(v)\ > n — 1 can be weakened in Theorem[6l However, we can 
show that the lower bound of \CN(u) U CN(v)\ must be more than y/2n — 3 in order to 
guarantee the existence of a heterochromatic C4. 

A finite projective plane V is a pair of sets (P, L) where P is a set of points and L is 
a set of lines such that 

(i) any two points in P lie on only one line in L; 

(ii) any two lines in L meet in only one point in P; and 

(Hi) there are four points in P no three of which lie on a line in L. 

It is proved that (see [3], Exercise 1.3.13) for any integer t, there exists a finite projective 
plane (P, L) such that each point in P lies on t + 1 lines in L, each line in L contains t + 1 
points in P, and \P\ = \L\ = t 2 + t + 1. 

Let P be a finite projective plane with \P\ = \L\ = t. We define the incidence graph 
I(V) of V as the bipartite graph with bipartition (P, L) and edges pi when p £ P lies on 

1 £ L in P. Let it, u be two vertices of I(V). If it, i> £ P or u, u £ L, then |iV"(u) U iV(i))| = 
2t + l. If one of them (say it) is in P and the other (v) is in L, then |A^(ii)UiV(i;)| = 2t + l 
when it lies on v and \N(u)UN(v)\ = 2t + 2 otherwise. Therefore, we have \N(u)L)N(v)\ > 
2t + 1 = V2u — 3. On the other hand, it is easy to see that I(V) contains no cycles of 
length 4. Otherwise, there exist two points in P which lie on two lines, contradicting to 
the definition of finite projective planes. 

If we assign an edge coloring to I(V) such that every two of its edges have different 
colors, then we can get the following proposition. 

Proposition 1. Let t be an integer. Then there exists an edge-colored graph G of order 
n = 2(t 2 + 1 + 1) such that \CN(u) U CN(v)\ > \j2n — 3 for every pair of vertices u and 
v of G and G contains no heterochromatic cycles of length 4- 

2 Proof of Theorem [6] 

We first give a lemma, which will be used in the proof of Theorem [6j 

Lemma 1. Let G be an edge-colored graph. Then G contains a spanning bipartite subgraph 
H such that 2d c H {v) + 3d# (u) > d c G {y) + da{v) for every vertex v £ V(H). 

Proof. We choose a spanning bipartite subgraph H of G such that f(H) = \E(H)\ + 
YlvevtH) dni'v) is as large as possible and show that 2d c H {v) + 3dn(v) > d c G (v) + da(v) for 
every vertex v £ V(H). 
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Assume that the bipartition of H is (X,Y). Then any edge xy of G with x G X and 
y G V is also an edge of ii". Otherwise, we have f(H + xy) > f(H), contradicting to the 
choice of H. It can be seen that d c H (x) = \C N G t Y }(x)\ for x G X and d c H (y) = \C N G ^ X ](y)\ 
for y G Y. 

Suppose that there exists a vertex w G V(H) such that 

2d^(uj) + 3d H (w) < d c G (w) + d G (iw). (1) 

Without loss of generality, we assume w G X. Let H' be the spanning bipartite subgraph 
of G with bipartition (X\{w},Y U {if}) and edge set E(H) U {ra : x £ X \ {w}} \ {wy : 
y G Y}. Then, we have 

\E(H')\ - \E(H)\ = (d G (w) - d H (w)) - d H (w) = d G {w) - 2d H {w). (2) 

On the other hand, noting that 

d c H ,(w) - d c H (w) = \CN G[x] (w)\ - \CN G[Y] (w)\ 

= \CN G \ G[Y] (w)\-\CN G[Y] (w)\ 
> \CN G (w)\-2\CN G[Y] (w)\ 
= d G (w)-2d c H (w) 

and 

Y, {d c H ,{v) - d c H {v)) = (d c H ,(v)-dUv)) + J2( d H'( v )- d H(v)) 

vev\{w} vex\{w} veY 

>£(<£'(«)-<&(«)) 

= J2(\ CN GIX\MM ~ \ CN G[X](v)\) 

veY 

>-^|CiV G[W] (<;)| 
= -d H (w), 

we have 

J2 d H'( v )-J2 d H( v )= E {d c HI {v)-d c H {v)) + {d c HI (w)-d c H (w)) 
v&v vgV vev\{w} 

> {d c G {w)-2d c H (w))-d H (w). 

That is, 

E d H'( v ) ~ E d H( v ) ^ <%W ~ ^hH ~ d n(w). (3) 
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By (1), (2) and (3), we get 

f(H') - f(H) > d G {w) + d c G (w) - 2d c H (w) - U H {w) > 0, 

which contradicts to the choice of H. 

The proof is complete. □ 

Proof of Theorem [B] 

We denote S C (G) = mm{d c (v) : v £ V(G)} and distinguish two cases. 

Case 1. 5 C (G) = n - 1. 

Assume that G contains no heterochromatic cycles of length 4. Then we have d c (v) = 
d(v) = n — 1 for every vertex v S V[G). Hence G is complete and C(vx) ^ C(vy) for 
every vertex v G V(G), where x,y S N(v). 

Claim 1. Let xi, x 2 , x 3 , x 4 be four vertices of IfC(xix 2 ) ^ C(x 3 x 4 ), then C(x 2 x 3 ) = 

C{xiXi). 

Proof. Suppose that C(x 2 x 3 ) ^ C(xix 4 ). From the above discussion, we know that 
C(xix 2 ) ^ C(x 3 x 4 ), C(xix 2 ) 7^ C(x 2 x 3 ), C(x 2 x 3 ) / C(x 3 x 4 ), C(x 3 x 4 ) ^ C(x 4 xi) and 
C(x 4 xi) 7^ C(xiX2). With C(x 2 x 3 ) / C(xix 4 ), we see that xix 2 x 3 x 4 xi is a heterochro- 
matic C 4 , a contradiction. □ 

Let yi, y 2 , ?/ 3 , y 4 , 2/5 be five vertices of V(G). Without loss of generality, we assume 
C(y5Vk) = k for k £ {1,2,3,4}. Since C(yiy 2 ) / C(yiy 5 ) and C{yiy 2 ) / C(y 2 y 5 ), we have 
C(yiy 2 ) / 1 and C(yiy 2 ) / 2. Hence C(y 1 y 2 ) > 3. 

Suppose that C{y\y 2 ) = 3. Since C{y\y 2 ) / C(2/42/s), it follows from Claim [1] that 
C{y 2 yA) = C(y 5 yi). With C(y 3 y 5 ) / C(y 1 y 5 ), we have C(y 2 y 4 ) / C(y 3 y 5 ). Then by 
Claim [TJ we obtain that C(y 3 y 4 ) = C{y 2 y§). At the same time, by C(yiy 2 ) ^ C(y 4 y5) and 
Claim [H we have C(yiy 4 ) = C{y 2 y§). Hence C(yiy 4 ) = C(y 3 y 4 ), a contradiction. 

Suppose that C{y\y 2 ) = 4. Since C{y\y 2 ) ^ C{y 3 y§), it follows from Claim Q] that 
C{y2V3) = C(yty 5 ). With C(y 4 y 5 ) / C(yiy 5 ), we get C(y 2 y 3 ) / C(y 4 y 5 ). Then by 
Claim [TJ we obtain that C(y 3 y 4 ) = C{y 2 y§). Similarly, with C{y\y 2 ) / C(y 2 y^), we have 
C(yiy 2 ) / C(y 3 y i ). Then by Claim Q] we have C(yiy 4 ) = C(y 2 y 3 ). Hence, C(yiy 4 ) = 
(7(2/11/5), a contradiction. 

Suppose that C{y\y 2 ) > 5. Since C{y\y 2 ) / C{y^y^)^ it follows from Claim [JJ that 
C{y 2 yi) = C(yiy 5 ). At the same time, by C{yiy 2 ) / C(y 3 y 5 ) and Claim [JJ we get 
C(y 2 y 3 ) = C(yiy 5 ). Hence C(y 2 y 4 ) = C(y 2 y 3 ), a contradiction. 

The proof of Case [JJ is complete. 
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Case 2. 5 C {G) <n-2. 

Let w be a vertex with d c (w) = 5 C (G) and denote 5 C (G) = k. Let T be a subset of 
N(w) such that |T| = A; and C(wx) ^ C{wy) for every two vertices x,y G T. Without loss 
of generality, set T(w) = {x\,x 2 , . . . , Xk} and assume that C{wxi) = i for i G {1, 2, . . . , fc}. 
Set d = G[ru{w}] and G 2 = G[V(G) \ V(Gi)]. Since |V(Gi)| =fc + l<n-l, we have 
V{G 2 )^%. 

Case 2.1. There exits a vertex z G V(G 2 ) such that |CiV Gl (z) \ CN(w)\ > 2. 

By the choice of T, if t> is a neighbor of z such that C(vz) G CNa 1 (z) \ CN(w), then 
v ^ w. Since IC/Vg^z) \ CiV(u;)| > 2, we can choose x s ,Xt G T with {C(x s z), C(xjz)} C 
CNdiz) \ CN(w). Obviously, wx s zxtw is a heterochromatic C4. 

Case 2.2. \CN Gl (v) \ CN(w)\ < 1 for every vertex v G V(G 2 ). 

Claim 2. |CiVG a (t;)| = \V{G 2 )\ - 1 for every vertex v G F(G 2 ). 

Proo/. First, we have \CN Gl (v)\CN(w)\ < 1. If follows from |CW(u>)| = k that |CiV(ii;)U 
C^GiWI < k + 1. Note that \CN(w) U CiV(u)| > n - 1, we have \CN(v)\CN Gl {v)\ > 
n - k - 2. On the other hand, we have \CN(v)\CN Gl (v)\ < \CN G2 (v)\ < d G2 (v) < 
\V(G 2 )\ -\ = n-k-2. Thus, \CN G2 (v)\ = \V{G 2 )\ - 1, where \V(G 2 )\ =n- k- 1. □ 

Case 2.2.1. k < n - 6. 

Note that |V(Cr2)| = n — k — 1>5. Then as in Case[H we can prove that there exists 
a heterochromatic C4 in G 2 , which is also a heterochromatic C4 in G. 

Case 2.2.2. k > n - 5. 

By Lemma [H there is a spanning bipartite subgraph H such that 

2c^ 0) + U H (v) > d c G (v) + da(v) (4) 
for every vertex v G V{H). It is not difficult to see that 

d H (v) - d c H (v) < d G {v) - d c G {v) (5) 

and 

d G (v) - d c G {v) < d G (v) - 5 C (G) < (n - 1) - (n - 5) = 4. (6) 
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Together with (5) and (6), we have 

d c H (v)-d H (v)>-4. (7) 

Then, combining (4) with (7), we obtain 

d c H (v) > -(d c G (v) + d G (v) - 12) > > lV 4 ; + 1 

when n > 60. By Theorem \5\ there is a heterochromatic C4 in iJ, which is also a 
heterochromatic C4 in G. 

The proof is complete. □ 

3 Remarks 

Our proof of Theorem [6] mainly relies on Lemma [T] and Theorem [5j 
Lemma [1] was motivated by the following result due to Erdos [7]. 

Theorem 7 (Erdos [7]). Let G be a graph. Then G contains a spanning bipartite subgraph 
H such that djj(v) > \dc{v) for all v £ V(H). 

We have the following problem. 

Problem 1. Let G be an edge-colored graph. Does G contain a spanning bipartite 
subgraph H such that d c H (v) > ^d G (v)? 

Zhu |13j pointed out that if the answer to the following conjecture is positive, then it 
would result in an improvement to Theorem 

Conjecture 1 (fTTj). Let D be a directed bipartite graph with bipartition (A,B). If 
d + (u) > ^ for u G A and d+(v) > ^ for f € or d + (n) > ^ for n € ^4 and 
d + {v) > ^ for v £ B, then there exists a directed C4 in D. 

From our proof of Theorem [6l we know that if the answer to Problem Q] or Conjecture 
[T]is positive, then the restriction n > 60 in Theorem [6] can be reduced. 
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